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Laurent $fi,$ $\ldots,$ $f_{k}\in \mathbb{C}[X_{1}^{\pm 1}, \ldots , X_{n}^{\pm 1}]\backslash \{0\}$






(1.1) $Z(s_{1}, \ldots, s_{k};f_{1}, \ldots, f_{k}) :=\int_{0}^{1}\cdots\int_{0}^{1}\prod_{\iota=1}^{k}|f_{l}(e^{2\pi it_{1}}, \ldots, e^{2\pi it_{n}})|^{s_{l}}dt_{n}\cdots dt_{1}.$


















2.1 ( [1], Lal\’in [3])
$Z(s;X-1)= \frac{\Gamma(s+1)}{\Gamma(\frac{s}{2}+1)^{2}}={}_{2}F_{1}(_{1+s}\frac{s}{2}, \frac{s}{2};1)$ ,
${}_{2}F_{1}(^{a_{C}b};z)$ Gauss
:
2.2 ( Zagier [4])
${}_{2}F_{1}(_{1+s} \frac{8}{2}, \frac{S}{2};1)=1+\sum_{k=0}^{\infty}(-1)^{k}\sum_{k\in I_{0}(k,n,n)}4^{-dep(k)}\zeta(k)s^{k},$






$*2$ [1] $Z(s, X+a)(a\in \mathbb{C})$






4 ( ) Mahler
3
$k=(k_{1}, \ldots, k_{n})\in \mathbb{N}^{n}$
wt(k) $= \sum_{j=1}^{n}k_{j}$ , dep(k) $=n$ , ht(k) $=\#\{i|k_{i}>1\}$ $k_{1}>1$
$k$ admissible
$I_{0}(k, n, s)$ $:=\{k$ :adm. $|wt(k)=k$ , dep(k) $=n$ , ht $(k)=s\}$
admissible $k=(k_{1}, \ldots, k_{n})$
:
$\zeta(k)=\zeta(k_{1}, \ldots, k_{n}):=\sum_{m_{1}>\cdots>m_{n}>0}\frac{1}{m_{1}^{k_{1}}\cdots m_{n}^{k_{n}}},$
$\zeta^{\star}(k)=\zeta^{\star}(k_{1}, \ldots, k_{n});=\sum_{m_{1}\geq\cdots\geq m_{n}\geq 1}\frac{1}{m_{1}^{k_{1}}\cdots m_{n}^{k_{n}}}$ .
3.1 ( Zagier [4])




$\sum_{k,n,s\geq 0}\sum_{k\in I_{0}(k,n,s)}\zeta^{\star}(k)x^{k-n-s}y^{n-s}z^{2s-2}{}_{=\frac{1}{(1-x)(1-y)-z^{2}}3}F_{2}(_{2-\alpha,2-\beta}1-x,1, 1;1)$ ,
39
$\alpha,$




$xarrow-x,$ $yarrow 0,$ $zarrow-ix/2$
$\sum_{k\geq 0}(-1)^{k}(\sum_{k\in I_{0}(k,n,n)}(-4)^{-dep(k)}\zeta^{\star}(k))x^{k}=1-\frac{1}{Z(x;X-1)}$
:
4.1 ( [5]) $k\in \mathbb{Z}_{\geq 2}$ $Q=X-1$ :
$D_{k}(Q)=(-1)^{k}k!$ $\sum$ $(-4)$ -dep(k) $\zeta^{\star}(k)$ ,
$k\in I_{0}(k,n,n)$
$D_{k}(Q)$ :
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